Gravity-induced sagging can amplify variations in goniometric measurements of the contact angles of sessile drops on super liquid-repellent surfaces. The very large value of the effective contact angle leads to increased optical noise in the drop profile near the solid-liquid free surface, and the progressive failure of simple geometric approximations. We demonstrate a systematic approach to determining the effective contact angle of drops on super-repellent surfaces. We use a perturbation solution of the Bashforth-Adams equation to estimate the contact angles of sessile drops of water, ethylene glycol and diiodomethane on an omniphobic surface using direct measurements of the maximum drop width and height. The results and analysis can be represented in terms of a dimensionless Bond number, that depends on the maximum
Introduction
The fabrication of low-energy, highly-textured surfaces possessing a re-entrant morphology enables liquid droplets with a range of surface tensions to exist in a non-wetting or 'Cassie-Baxter' state. 1, 2 The characterization of the wetting properties of such surfaces is often carried out via the measurement of apparent contact angles at the triple phase contact line using small sessile drops placed on the surface. Experimental measurements of the contact angle of a liquid drop deposited on a textured substrate can exhibit a range of values bounded by the apparent advancing (θ * adv ) and receding (θ * rec ) contact angles. 3, 4 There are a number of techniques to measure the contact angle of a liquid on a substrate, including optical reflectometry, contrast interferometry, the capillary rise technique, Wilhelmy plate tensiometry and various goniometric methods. The most commonly-employed technique for measuring the contact angle of drops on liquidrepellent surfaces is the sessile-drop method coupled with digital image analysis. In the sessile drop technique, a liquid drop of a known volume is gently deposited on the substrate from above and the profile of the drop is captured digitally by a high-resolution camera. A number of image analysis algorithms can be subsequently employed to estimate the contact angle from the drop profile such as polynomial fitting, spherical cap approximations [5] [6] [7] or direct fitting to numerical solutions of the Young-Laplace equation. [8] [9] [10] [11] However, in these analysis techniques, the region in the vicinity of the triplephase contact line can appear distorted or blurred due to optical noise caused by diffraction and scattering 12, 13 leading to systematic errors in the evaluation of the tangent line.
In addition, the axial location of the base line and its contact points with the projected drop shape can be difficult to establish unambiguously, especially for highly textured surfaces, [14] [15] [16] [17] which can lead to inconsistent determination of the apparent contact angle.
The ambiguity in the measurement of contact angles due to a combination of gravityinduced drop sagging and distortion near the tangent line has recently been highlighted by Dorrer et al., 14 who comment that values obtained by various Young-Laplace fitting techniques should be treated with caution, particularly for large apparent contact angles θ * ≈ 180 • . Extrand et al. 17 demonstrate the deficiency of indirect geometrical measurement techniques using a hypothetical perfectly non-wetting surface and show that sagging of the contact line can lead to systematic underestimation of the true contact angles, even for relatively small drops of a few microliters in volume. Alternative capillary force measurement techniques, 18 including the Wilhemly Plate Technique, 19 are prone to potential errors arising from asymmetric coating, inaccurate determination of the periphery and irregularities in the coated substrate. 16 While there have been a number of reports on the fabrication and characterization of extreme non-wetting surfaces with an apparent contact angle θ * ≈ 180 • , [20] [21] [22] [23] [24] there have been fewer studies addressing the reproducibility and sensitivity of the goniometric measurements. Zhang et al. 25 report variations between 156 • and 173 • in the contact angle of a water drop on a superhydrophobic surface fabricated by electrochemical deposition of gold clusters on a polyelectrolyte multilayer and demonstrate how different image fitting techniques can result in the aforementioned differences. 26 Variations in the contact angles of water drops on structurally-similar lithographically patterned surfaces modified by fluoropolymer treatment have been reported by different groups, 15, 27 and the significant discrepancies observed have been attributed in part to differences in measurement software. 15 In this article we quantitatively explore the inherent sensitivity of contact angle measurements to the dimensions of the sessile drop as θ * → 180 • in terms of a dimensionless Bond number (Bo) defined using the maximum drop width and the capillary length of the liquid. We first outline the singular nature of the perturbation solution, originally developed by O'Brien, 28, 29 that describes the profile of an axisymmetric sessile drop. We then demonstrate the experimental utility of this solution which enables simple measurements of the drop width and height to be used to determine, over a wide range of Bo, the apparent contact angles of water, ethylene glycol and diiodomethane drops on a sprayfabricated superoleophobic surface. The values obtained compare favorably with the values of contact angles determined from several other commonly-employed techniques. We then explore the sensitivity of the contact angle to the physical dimensions of the drop to illustrate the increasing uncertainty in the apparent contact angle θ * as determined from the sessile drop technique as θ * → 180 • .
Perturbation Approach
Figure 1: Schematic of an axisymmetric drop on a non-wetting substrate. For a point A(x, z) on the projected drop profile, x is the lateral coordinate, z is the vertical coordinate, φ is the angle subtended by the normal at point A to the axis of revolution, ℓ denotes the maximum drop half-width, r is the radius of the contact line, h is the height of the drop and θ * = max(φ) is the contact angle of the liquid drop at the three phase contact line.
The profile of an axisymmetric sessile drop sitting on a surface is described by the classical equation derived by Bashforth and Adams. 30
In this dimensional Cartesian formulation of the Young-Laplace equation applied to a point A(x, z) on the projected drop profile, x is the lateral coordinate at A, z is the vertical coordinate at A, z ′ and z ′′ are the first and second derivatives of z with respect to x at A, ρ is the density of the liquid, g is the acceleration due to gravity, γ lv is the surface tension of the liquid, and b ≡ 1/z ′′ (0) corresponds to the radii of curvature at the origin O which is located at the apex of the drop as seen in Figure 1 . Eq. (1) is typically non-dimensionalized using a characteristic physical length scale. In the traditional formulation, Bashforth and Adams select b, the radius of curvature at the apex, as the characteristic length scale.
However, the capillary length of the liquid a = γ lv /ρg, has also been used to nondimensionalize the spatial coordinates. 31, 32 In both these cases, a non-dimensional Bond number can then be defined using the radius of curvature as β = (ρgb 2 )/γ lv = b 2 /a 2 , and is commonly used as a dimensionless measure of the extent of gravitational forces relative to capillary forces acting on the drop. The lateral coordinate x of the point A is not a single valued function of z and it is therefore convenient to express the coordinates in a parametric form 33 using the parameter φ = tan −1 (z ′ (x)), where φ is the angle between the surface normal at A and the axis of revolution ( Figure 1 ). Upon non-dimensionalizing with the capillary length a = γ lv /ρg, the Bashforth-Adams equation (Eq. (1)) can be re-written as a pair of coupled first-order differential equations:
where the non-dimensional lateral coordinate is X ≡ x/a, the non-dimensional vertical coordinate is Z ≡ z/a and the constant non-dimensional pressure at the apex of the 
| φ=θ * is the dimensionless radius of the drop at the three phase contact line and H ≡ h/a = Z(φ)| φ=θ * is the dimensionless height of the drop. 30 While the Bashforth-Adams equation (Eq. (2)) does not have a closed-form analytical solution, there have been a number of attempts to determine approximate solutions through perturbation analyses [34] [35] [36] [37] and these have been reviewed by Hometcovschi et al. 38 In an alternate formulation of the Bashforth-Adams equation O'Brien, 28, 29 following the suggestion of Padday, 39 
For very small values of the scaled drop width ǫ (for which the gravitational sagging is negligible), the O(ǫ) solution as ǫ → 0 corresponds to the spherical cap given
solution as ǫ → 0. The approximate solutions expressed in Eqs. (3) and (4) 3) and (4) to determine θ * . 28, 29 While knowledge of the drop volume v along with ǫ can also be used to determine the contact angle θ * , precise measurement and control of deposited drop volumes is harder to achieve in practice.
In the following sections, we first demonstrate quantitatively the application of this technique in determining the contact angles of drops of water, diiodomethane and ethylene glycol on spray-coated liquid repellent surfaces through measurements of the drop 
Results and Discussion
In Figure 3 (c), we compare the contact angle evaluated using the perturbation solution to that estimated from the circular approximation using various theoretical profiles which are obtained by numerically integrating the Bashforth-Adams equation for X(φ) and Z(φ) in Eq. (2) until φ = θ * sessile (the true contact angle), which corresponds to different hypothetical non-wetting surfaces. In the absence of any gravitational sagging (Bo = 0), both techniques converge to θ * sessile . The perturbation solution, while systematically overestimating the contact angle for large Bo due to deviations from the numerical solution, nevertheless agrees much more accurately with θ * sessile over the range of Bo shown than the commonly-used circular fit, which severely under-predicts the contact angle. It is worth noting that for a drop of a given size (or Bond number) the magnitude of the deviation becomes progressively larger as θ * → 180 • ; i.e. the sensitivity of the goniometric measurement to drop volume increases on superhydrophobic surfaces.
In Figure 4 , we show the digitized profiles of sessile drops of water (Figure 4(a) ) and diiodomethane (Figure 4(b) ) deposited on a silicon substrate spray-coated with a 50 mg/mL solution of a 50 wt% PMMA/FluoroPOSS blend. 41 The heights of the water and diiodomethane drops are h = 1.44 mm and h = 1.12 mm, and the measured half-widths are ℓ = 0.79 mm and ℓ = 0.75 mm, respectively. The appropriate Bond numbers can then be evaluated from the dimensionless maximum half-widths (ǫ) (assuming the surface tension γ LV and density ρ are known) as Bo = ǫ 2 = ℓ 2 /a 2 . For the drops in Figure 4 we calculate Bo = 0.08 and Bo = 0. Table 1 : Numerical values of the drop height h, maximum half-width ℓ, dimensionless maximum half-width ǫ, Bond number Bo, drop volume v, and contact angles determined by the the three methods: the circular-segment approximation method (θ * circ ), sessile dropfitting method (θ * sessile ), the perturbation method (θ * = max(φ)). Also given is the dimensionless sensitivity of the apparent contact angle to variations in the drop height ∂θ * /∂H (in radians) as calculated from Eq. (5) for liquid drops on a fluorodecyl POSS spray-coated silicon substrate. The uncertainties in individual measurements of θ * = max (φ) correspond to the resolution limit of the imaging camera (∆h = 10 µm), and are determined from Eq. (5) as discussed in the text. solution is parametrized by the magnitude of Bond number Bo, which determines the extent of the deviation from the exact solution as shown in Figure 3 , and sets an upper bound on the volume that should be used for a given liquid. As seen in Table 1, a volume of v ≈ 1.9 µL for water and v ≈ 0.2 µL for diiodomethane corresponds to a Bond number of Bo = 0.08 and a resulting error of < 2% in the drop height and width for a contact angle of θ * = 160 • . Because the capillary length of diiodomethane is smaller than water, it is more prone to sagging due to gravity and requires a correspondingly smaller volume in order to minimize deviation from the exact solution.
While the improved accuracy of the composite perturbation solution at smaller Bond numbers might initially suggest that progressively smaller drops are preferred to accurately estimate contact angles as recommended by Extrand and Moon, 17 at an imaging resolution of ∆h = 10 µm). Measurements of θ * for sessile drops in the shaded region suffer from variations larger than ∆θ * due to an increased sensitivity to uncertainties in imaging and establishing the base line.
The numerical values of ∂θ * /∂H for liquid drops deposited on the spray coated substrate in this study are also presented in Table 1 . These values are used to evaluate the uncertainty of the contact angles measured using the perturbation technique that result from the resolution limit of the imaging camera (∆h = 10 µm) for the various liquid drops deposited on the spray-coated substrate. For example, from the first entry in Table 1 can result in an uncertainty in the contact angle of as large as ∆θ * ≈ 10 • . The agreement between the perturbation solution and the exact numerical solution employed by various sessile-drop fitting techniques suggest that a similar concern with contact angle sensitivity is expected as θ * → 180 • even when software that fits the digitized profile to the full Bashforth-Adams solution is employed, contributing to the large variation in contact angles observed on highly textured surfaces. 14, 15, 25, 26 This inherent sensitivity of contact angle measurements on super-repellent substrates with apparent contact angles near 180 • necessitates careful and accurate measurements of drop dimensions in this regime and the development of new, robust fitting techniques. 11, 16, 46 
Conclusion
The can also be quantified using this approach through the expression in Eq. (5) . The singular nature of the perturbation solution as θ * → 180 • and the high sensitivity of the solution associated with small changes in drop height, even for very small Bo, was shown to result in a practical lower limit on the volume of drops which can be used to determine apparent contact angles on highly non-wetting surfaces.
